1. Introduction.
Let r be a finite graph allowing loops and multiple edges, so that r is a pseudograph in the terminology of [5] . Let For reasons which will become clear shortly, we define the dimension of F, denoted dim r, by dim P 1 + deg Pr(r). In [14, p. Empirical evidence suggests that if P is a "typical" pseudograph, then deg Qr(r) will be considerably smaller than deg P r (r). In this paper we will give a rigorous justification of this empirical fact. We will give an upper bound for deg Qr(r) which we believe to be the best possible "theoretical" upper bound. ( The degree of Qr(r) may be smaller than this upper bound because of "accidents" in the structure of r. See Example 3.2 for an illustration of what we mean by the term "accident.") The upper bound we obtain depends on analyzing a certain commutative ring R r associated with r. We will try to provide a reasonable amount of ring-theoretic background for the reader unfamiliar with commutative algebra.
When F is the complete graph on n vertices with one loop at each vertex, Hr(r) is the number Sn(r) of n X n symmetric matrices of non-negative integers such that every row (and therefore every column) sums to r. Using a combinatorial argument whose basic idea was kindly supplied to this writer by Daniel Kleitman, we can transform our bound on deg Qr(r), which depends in a rather complicated way on the structure of F, into an explicit, integer. We obtain the result that S,(r) P,(r) -(-1)rQ,(r), where degP,(r) () and degQ'(r) < (n-1) [1] [2] if n is odd, while deg Q'(r) < (n-2) 2 if n is even. We conjecture that equality holds for all n. This conjecture is true for n < 5.
It is more convenient to work with the generating function Fr (X) r_-o Hr(r) than with the function Hr(r) itself [1] , [3] , [9] , [11] , [12] , [13] , [17] We need some information on the degrees of the elements of a system of parameters for a G-algebra A. We will prove a somewhat stronger result (Proposition 2.9) than we need for the time being, since we will require such a result in Section 5. An even stronger result can be proved, but Proposition 2.9 is adequate for our purposes. Proposition 2.9 may be regarded as an elaboration of the well-known fact (see, e.g., [1, p. The formulas for F and F are due to L. Carlitz [2] . We calculated F with the aid of a computer. By Theorem 5.5 below, it is only necessary to compute S(r) for 1 < r _< 6 in order to completely determine F(h). We computed S(r) for 1 < r _< 8, using the last two values as a check. Methods for computing S,(1) and S(2) for any n appear in [2] and [4] (ii) kd+-V(1/k) V(). We remark that property (iv) It is possible to obtain better information about the coefficients (see [15] for somc relevant techniques), but we do not pursue this here.
